Let C pn (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n) be a directed circulant graphs with pn vertices and some non-fixed jumps, where 1 a 1 a 2 · · · a k ( n − 1),1 q 1 q 2 · · · q m p − 1, are fixed integers, and an integer n varies. In this paper, a formula, asymptotic behaviors and linear recurrence relations for the number of its spanning trees are obtained.
Introduction
The number of spanning trees in a graph (network) is an important invariant, it is also an important measure of reliability of a network. The well-known matrix-tree theorem (see e.g., [7] ) can be used to count the number of spanning trees for small graphs, but this method is not feasible for large graphs. Let G be an undirected (resp. directed) graph, the number of its spanning trees (resp. out-trees) be denoted by t (G). For some special classes of undirected graphs, explicit formulas for t (G) have been obtained so far [2, 3, 5, 6, 8, 9, 11] .
The circulant graphs are an important class of graphs, which can be used in the design of local area networks [1] . Let 1 a 1 a 2 · · · a k n − 1 be positive integers. An undirected (resp. directed) circulant graph C n (a 1 , a 2 , . . . , a k ) is a regular undirected (resp. directed) graph whose set of vertices is V = {0, 1, . . . , n − 1} and whose set of edges (resp. arcs) is E = {(i, i + a j (mod n))|i = 0, 1, . . . , n − 1, j = 1, 2, . . . , k}.
For undirected circulant graphs C n (1, 2) , C n (1, 3) and C n (1, 4) , the results on the numbers of their spanning trees can be found in [9] . For undirected C n (a 1 , a 2 , . . . , a k ), where a k < n/2, the ones can be found in [5, 11] ; for undirected C 2n (a 1 , a 2 , . . . , a k , n), where n varies, the ones were given in [6] ; for directed C n (a 1 , a 2 , . . . , a k ), where a k n−1, the ones were given in [10] . In this paper, we consider directed circulant graphs with pn vertices and some non-fixed jumps C pn (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n), where 1 a 1 a 2 · · · a k ( n − 1), 1 q 1 q 2 · · · q m p − 1, are fixed integers, and an integer n varies. A formula, asymptotic behaviors and linear recurrence relations for the numbers of their spanning trees are obtained.
In the following sections, we will consider only directed circulant graphs, and ε N stands for e 2 √ −1/N , where N is a positive integer. If A(n) and B(n) are integers depending on an integer n such that
then we write it by A(n) ∼ B(n), n → ∞.
Some lemmas
In this section, some lemmas are given.
Lemma 1 (see, e.g., Zhang and Yong [10] ).
Lemma 2 (Zhang and Yong [10] ). If (a 1 , a 2 , . . . , a k ) = 1, then
Proof. It is clear that (b 1 , b 2 , . . . , b k ) = 1. Let (h) = hd (mod n), h ∈ {0, 1, . . . , n − 1}. It is easy to show that is an isomorphism from C n (b 1 , b 2 , . . . , b k ) to C n (a 1 , a 2 , . . . , a k ). By Lemma 2, the lemma follows. Lemma 4. Let 1 h p − 1, 1 a 1 a 2 · · · a k , 1 q 1 q 2 · · · q m p − 1, and let
Thus there exists j, 1 j m, such that q j h is not divisible by p. It is clear that ε q j h p = 1 and m j =1 ε
The following two lemmas can be easily proved.
Lemma 7 (See, e.g., Brualdi [4, p. 201] ). Let
Assume that
where c 1 , c 2 , . . . , c k , are any constants. Then s n satisfy the following linear recurrence relation of order k with constant coefficients:
And p(x) is said to be the characteristic polynomial for s n , and x 1 , x 2 , . . . , x k , the characteristic roots for s n . (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n))
A formula for t (C pn
In this section, a formula for t (C pn (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n)) is obtained. Theorem 1. Let 1 a 1 a 2 · · · a k n − 1, 1 q 1 q 2 · · · q m p − 1, be integers. Then t (C pn (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n))
where h,s , s = 1, 2, . . . , a k , 1 h p − 1, are all the roots of f h (x) in Lemma 4.
By Lemma 1, t (C pn (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n)) (a 1 , a 2 , . . . , a k ))
by Lemma 6, we have
Hence the theorem follows.
Proof. Since f h (x) = x + ε qh p − 2, by Theorem 1 and the fact that t (C n (1)) = n, the corollary follows.
Asymptotic behaviors
In this section, asymptotic behaviors for t (C pn (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n)) are considered. 
By Theorem 1 and Lemma 3, the theorem follows. (a 1 , a 2 , . . . , a k ) = d, (d, n) = 1 and (p, q) = 1. Then t (C pn (a 1 , a 2 , . . . , a k , qn) 
Corollary 2. Let
Proof. By Lemmas 5 and 6,
By Theorem 2, the corollary follows. Let (a 1 , a 2 , . . . , a k ) = d, (d, n) 
Then t (C pn (a 1 , a 2 , . . . , a k , n, 2n, . . . , (p − 1) By Theorem 2, the corollary follows.
Proof. Let

Linear recurrence relations
In this section, we will consider linear recurrence relations and give some examples.
Theorem 3. For n = 1, 2, . . ., let s n := t (C pn (a 1 , a 2 , . . . , a k , q 1 n, q 2 n, . . . , q m n))/ (−1) (a k +1)(p−1)n t (C n (a 1 , a 2 , . . . , a k ) ) .
Then s n satisfy a linear recurrence relation of order 2 a k (p−1) with constant coefficients.
Proof. By Theorem 1, we have (a 1 , a 2 , . . . , a k , qn) )/ (−1) (a k +1)(p−1)n t (C n (a 1 , a 2 , . . . , a k ) ) .
If (p, q) = 1, then the characteristic polynomial for s q,n is the same as the one for s 1,n . 
Proof. Let
Example 1. t (C 2n
(1, n)) = n(3 n + 1).
where t (C n (1, 2)) = n(2 n + (−1) n−1 )/3 (see [10] ), and A n satisfy a linear recurrence relations of order 2:
Example 4. t (C 3n (1, n)) = n(7 n + 1 + A n ), where
satisfy a linear recurrence relation of order 2:
Example 6. t (C 4n (1, n)) = n(3 n + 1)(5 n + 1 + A n ), where
Example 7. t (C 4n (1, 3n)) = n(3 n + 1)(5 n + 1 − A n ), where A n is as in Example 6.
Example 8. t (C 6n
(1, n)) = n(3 n + 1)(7 n + 1 + A n ) (3 n + 1 + B n ) , where A n is as in Example 4, and B n = −ε 6 (2 − ε 5 6 ) n − ε 5 6 (2 − ε 6 ) n .
Set n = 6k + j, k 0, j = 1, 2, 3, 4, 5, 6, then B 6k+j = (−27) k r j , r 1 = 0, r 2 = 3, r 3 = 9, r 4 = 18, r 5 = r 6 = 27. Example 9. t (C 6n (1, 5n )) = n(3 n + 1)(7 n + 1 + A n ) (3 n + 1 + B n ) , where A n is as in Example 5, and B n = −ε 6 (2 − ε 6 ) n − ε 5 6 (2 − ε 5 6 ) n .
Set n = 6k + j, k 0, j = 1, 2, 3, 4, 5, 6, then 
